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Abstract 

We investigate the Bagger-Lambert-Gustavsson model associated with 
the Nambu-Poisson algebra as a theory describing a single M5-brane. 
We argue that the model is a gauge theory associated with the volume- 
preserving diffeomorphism in the three-dimensional internal space. We de- 
rive gauge transformations, actions, supersymmetry transformations, and 
equations of motions in terms of six-dimensional fields. The equations of 
motions are written in gauge-covariant form, and the equations for tensor 
fields have manifest self-dual structure. We demonstrate that the double 
dimensional reduction of the model reproduces the non-commutative U(l) 
gauge theory on a D4-brane with a small non-commutativity parameter. 
We establish relations between parameters in the BLG model and those 
in M-theory. This shows that the model describes an M5-brane in a large 
C-field background. 
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1 Introduction 



Recently, a model of the M5-brane world-volume field theory was constructed 
[I] as a system of infinitely many M2-branes. The theory of Bagger, Lambert [2] 
and Gustavsson [3] was used to describe the multiple M2-brane system. In the 
BLG model, a background configuration of the M2-brane system corresponds 
to the choice of a Lie 3-algebra [I], and the Lie 3-algebra used for the M5- 
brane is the Nambu-Poisson algebra [5] on a 3-manifold N which appears as 
the internal space from the M2-branes' point of view, but it constitutes the 
M5-brane world-volume together with the M2-brane world-volume. 

It was shown [1] that at the quadratic order of the Lagrangian, the M5-brane 
theory contains a self-dual two-form gauge field, in addition to the scalars corre- 
sponding to fluctuations of the M5-brane in the transverse directions, as well as 
their fermionic super-partners. To the order that was computed, this M5-brane 
is different from, but compatible with previous formulations of the M5-brane 
theory [HE]. In pQ , higher order terms of the Lagrangian were not considered, 
and a truncation was applied as a short-cut to show the desired properties of the 
M5-brane model. In this paper, we show that actually the "truncation" did not 
really remove any physical degrees of freedom. The only physical components 
of the gauge field are exactly those surviving the truncation. 

By the inclusion of the nonlinear terms, the geometrical structure of the sys- 
tem becomes transparent. We show that the gauge transformation defined by 
the Lie 3-algebra can be identified as the diffeomorphism of N which preserve 
its volume 3-form. The gauge potential associated with this symmetry can be 
identified with two-form gauge field b^ v (an index [i for the world-volume and 
another i> for the internal space jV) which is a particular combination of the 
Bagger-Lambert gauge field A^. We show that only a particular combination 
of is relevant to define the gauge symmetry, the action and the supersym- 
metry. We note that the internal space A/ - may be regarded as the fiber on the 
three dimensional membrane world-volume M in a sense. 

The second characteristic feature of the system is that not only the covariant 
derivative defined by the gauge potential 6 M! > is covariant, the triplet commuta- 
tor {X^ , X u , $} is also covariant. This follows from the fundamental identity 
of the Nambu-Poisson structure. From this combination, we obtain the second 
two-form field b^ by which we can define the covariant derivative in the fiber 
direction J\f . By combining two covariant derivatives, one obtains various six 
dimensional field strengths associated with b^y^b^. 

The BLG action and the equations of motion are rewritten in terms of these 
fields. The equations of motion for the tensor field are written in a manifestly 
gauge-covariant form and combined with the Bianchi identity into a self-dual 
form. 

We organize the paper as follows. In section U we derive the BLG gauge 
symmetry associated with the Nambu-Poisson bracket and identify the gauge 
fields b^i, , bf,,i, from the gauge field and the scalar field X^ . In particular 
we identify the gauge transformation as the volume-preserving diffeomorphism 
of M . In section [5] we derive two types of covariant derivatives from two- form 
gauge fields and the corresponding field strengths. The BLG action is then 
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rewritten in terms of these fields and we derive the equation of motion. As 
mentioned, it is identical to the equation for self-dual field strength with the 
source terms associated with other fields. In section we derive the supersym- 
metry transformation of the six dimensional fields. 

In [5], the connection with M5 brane was used to provide the geometrical 
origin of extra generators in the construction of Lie 3-algebra which contains 
arbitrary Lie algebra. In section [7] we provide a detailed explanation of the 
derivation of D4 action from BLG model by the double dimensional reduction. 
Here the volume-preserving diffeomorphism is replaced by the area-preserving 
diffeomorphism. By comparing the obtained D4-brane action to the known 
result, we find explicit relations between parameters in the BLG model and 
those in M-theory (the Planck scale and the magnitude of the background C- 
field.) This clearly indicates that the BLG model well describes an M5-brane 
in a large C-field background. 

In section [9l we give a few conjectural arguments which may be helpful to 
understand the geometrical nature of M5 brane in the future. First, in section 
[9] we point out that the M5-brane theory we obtained may be interpreted as a 
dynamical theory for the Nambu-Poisson structure. In this sense it is analogous 
to the Kodaira-Spencer theory [9] for the complex structure of a Calabi-Yau 
manifold. 

The last section is devoted to additional remarks and speculations. 
For other recent developments of the BLG model, see |10| . 

2 Review of BLG model 

Lie 3-algebra The novelty of the BLG model is that it integrates a novel 
symmetry defined by Lie 3-algebra with super symmetry. The Lie 3-algebra is 
defined by an antisymmetric trilinear product, called Nambu bracket, which 
will be represented by the bracket {*,*,*}. We denote the basis of the algebra 
be T a . The consistency condition of Lie 3-algebra is that it must satisfy the 
so-called fundamental identity: 




}}• 



(1) 



It is often convenient to define the structure constant f d by 




abc rpd 

d-L 



(2) 



For the construction of an action we need an invariant metric 




(3) 



which satisfies 




(4) 
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With the Lie 3-algebra, various fields in BLG model which are symbolically 
written as (f) = J2a 4>aT a transform innnitesimally as 

5 A cP = J2^ab{T a ,T b ,<p}, or 5 A ^ a = A cd f cdb a cf> b (5) 
a,b 

for the gauge parameter A ab . The fundamental identity implies that this trans- 
formation closes in the following sense, 

[S Al ,S A2 }(f> = S [AlAa] </>, [Ai, A 2 ]o6 := A lde A 2cb f dec a + A lde A 2ac f dec b . (6) 

As a result of (jl]), the metric (|3|) must also be invariant under the symmetry 
©> 

{5Kfa,<h) + {<l>u&K<h) = 0. (7) 

The BLG model, whose action is constructed with the structure constant and 
the invariant metric, is a gauge theory associated with this symmetry. 

Bagger-Lambert action With our notation, the action of the BLG model 
is given by 

S = Sx + S* + SqS + Sint + Spot, (8) 



where 
Sx 

Spot 



-\ I d^x{D lx X I ,D^X I ), (9) 
-1 / d 3 x({X I ,X J ,X K },{X I ,X J ,X K }), (10) 
Scs = J M d 3 xe^ x (^f abcd A^ ab d„A Xcd + ±r d %rW 



Sy = - d d x(^,r»D^), (12) 
2 Jm 

Si„ t = -. I d i x^,T IJ {X I ,X J ^}), (13) 

4 Jm 

where the covariant derivatives are 

D^Xi = d^Xi - f^aA^Xi, D^ a = d^i - f bcd a A^ d . (14) 

We denote the world-volume of the membrane as M and its coordinate as x^ 
(fi = 0, 1, 2). The supersymmetry transformation parameter e and the fermion 
\I/ belong to 8 S and 8 C representations, respectively, of the SO (8) R-symmetry, 
and are represented as 32 component spinors satisfying 

T^Pe = +e f " up e, Y^ p ij} = -& vp ^. (15) 

This Lagrangian has a gauge symmetry associated with the 3-algebra, 

8 A X{ = f^McXl, 5 A V a = f bcd a A bc y d , 5 A A^ ab = D^, (16) 
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where 

D^K ab = d^A ab - f cde a A^ d K eb + f cde b A^ d A ea . (17) 
The Bagger-Lambert action has the maximal (M = 8) SUSY in d = 3, 

5X 1 = ieT 1 ^, (18) 

6V = D II X I T' 1 T I e--{X I ,X J ,X K }T IJK e, (19) 

6 

*V« = i^^iX^ d f cdb a , 5A^ b a := f cdb a A^ cd . (20) 

3 Nambu-Poisson bracket and promotion of 3d fields 
to 6d 

Nambu-Poisson bracket as Lie 3-algebra For the construction of M5- 
brane, we introduce an "internal" three-manifold N and use the Nambu-Poisson 
bracket 

{f,9,h} NP = Y, P ^ X (y) d uf d o9d x h (21) 

on AT as a realization of three-algebra. Here y^ (fi = 1,2,3) is the local coor- 
dinate on J\f . For literatures on the Nambu-Poisson bracket, see for example 
|1H [PZ] . One of the most important properties of the Nambu-Poisson bracket 
is that it satisfy the analog of the fundamental identity for arbitrary functions 
fi (i = 1,5) on Af, 

{fl,h, {h, fi, /5}np}nP = {{/l, /2, /3}NP, fa, faj^P 

+ {h, {fi,f-2, fa}NP, fa}NP + {h, fi, {fi,h, /3}np}np- (22) 

This gives a very severe constraint on the coefficient P^ uX (y). Actually it is 
known that by the suitable choice of the local coordinates, it can be reduced to 
the Jacobian, 

{f,9,h} NP =e^p,^. (23) 
u y 1 dyv dy v dyP y 1 

This property is referred to as the "decomposability" in the literature [12]. By 
using this fact, we can use (|23|) in the following without losing generality. We 
also note that the dimension of the internal manifold M is essentially restricted 
to 3 because of the decomposability. If we choose the basis of functions on M as 
X a (y) (a = 1) 2, 3, • • •) and write the Nambu-Poisson bracket as a Lie 3-algebra, 

{x a ,X b ,X c hp=T,f abC dX d , (24) 
d 

eq, (|22p implies that the structure constant f abc d here satisfies the fundamental 
identity. 

The integration over the y-space can be used to define the invariant metric, 

</,<?> = 4 / d3 yf(y)a(y)- (25) 
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It is obvious that this satisfies ([!]). We define 

h ab = ( X a ,X b ), h ah = (h~ 1 U. (26) 



Because we have already fixed the scale of y^ at (|23p . we cannot in general 
remove the coefficient g from the metric (I26p . As we will show later, however, if 
the internal space is J\f = R 3 , it is possible to set this coupling at an arbitrary 
value by an appropreate re-scaling of variables. 

Except for the trivial case (M = R 3 ), we have to cover M by local patches 
and the coordinates y^ are the local coordinates on each patch. If we need 
to go to the different patch where the local coordinates are y', the coordinate 
transformation between y and y' (say y ,fi = f^(y)) should keep the Nambu- 
Poisson bracket (|23p . It implies that 

{f\f\f} = l- (27) 

Namely f^{y) should be the volume-preserving diffeomorphism. As we will see, 
the gauge symmetry of the BLG model for this choice of Lie 3-algebra is the 
volume-preserving diffeomorphism of M which is very natural in this set-up. 

We note that we do not need the metric in y 11 space. For the definition of 
the theory we only need to specify a volume form in J\f . The gauge symmetry 
associated with the volume-preserving diffeomorphism is kept not by the metric 
but the various components of the self-dual two- form field which comes out from 
A^ a b and X^ (longitudinal components of X) as we will see. 

Definition of 6 dim fields By combining the basis of C(Af), we can treat 
X^(x) and * a {x) as six-dimensional local fields 

X I (x,y) = J2x I a (x) X a (y), *(x,y) = J2*a(x)x a (y)- (28) 

a a 

Similarly, the gauge field A^ can be regarded as a bi-local field: 

A x (x,y,y') = Af(x)x a (y)x\y'). (29) 

The existence of such a bi-local field does not mean the theory is non-local. Let 
us expand it with respect to Ay^ 1 = y'^ — y^ as 

A x (x, y, y') = a x (x, y) + b Xfl {x, y)Ay^ + ^c x ^(x, y)Ay^Ay + ■■■ . (30) 

Because A Xa b always appears in the action in the form f bcd a A X b c , the field 
A x (y,y') is highly redundant, and only the component 

d_ 

contributes to the actiorQ. For example, the covariant derivative (|14p of BLG 
model is rewritten for our case as, 

D x X\x,y) = (d x X Ia (x)-gf bcd a A Xbc X I d (x)) X a (y) 



(31) 

y'=y 



1 In [I] it was treated as a trick (or an approximation by neglecting the irrelevant parts) 
to derive M5 action. However, it turned out that this is actually the exact statement. 
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d x X I (x,y)-ge 



d 2 A x (x,y,y>) 
dy^dy' u 



y=y' 



dyP 



dxX^x, y) - ge^id^ix, y)) 
dxX 1 -gib^y^X 1 }. 



(32) 



The covariant derivative for the fermion field is similarly, 



D x *(x,y) = dx*(x,y) - ge**fi(d ii bxi,(x,v))(dfi*(x,y)) = d x V - g{b xi/ , y* .(33) 



Longitudinal fields In pQ, this theory written in terms of fields on six di- 
mensions is identified with the theory describing a single M5-brane. At this 
point, only the x^ part of the metric g^ u = rj^ u is defined, and we still have 
SO (8) global symmetry, which is different from the SO (5) symmetry expected 
in the M5-brane theory. 

This is quite similar to the situation in which we consider the D-brane Born- 
Infeld action. The Born-Infeld Dp-brane action of ten-dimensional superstring 
theory possesses .SO (1,9) Lorentz symmetry regardress of the world- volume 
dimension p + 1. The rotational symmetry is reduced to SO (9 — p) for the 
transverse directions only after fixing the general coordinate transformation 
symmetry on the world- volume with the static gauge condition H 



This gauge fixing breaks the global symmetry from SO(l, 9) to SO(9 — p), and 
at the same time the world-volume metric is induced from the target space 
metric through (|34D . 

We can interpret the six-dimensional theory we are considering here as a the- 
ory obtained from an SO(l, 10) symmetric covariant theory by taking a partial 
static gauge for three among six world-volume coordinates. As we mentioned 
above, however, we do not have full diffeomorphism in the y^ space. The action 
is invariant only under volume-preserving diffeomorphism. This implies that we 
cannot completely fix the fields X^, and there are remaining physical degrees 
of freedom. For this reason, we should loosen the static gauge condition as [l] 



As was shown in p] , the tensor field bao is identified with a part of the 2-form 
gauge field on a M5-brane. 

Comments on the coupling constant In the case of ordinary Yang-Mills 
theories, there are two widely- used conventions for coupling constants and nor- 
malization of gauge fields. One way is to normalize a gauge field by the canon- 
ical kinetic term —{1/A)F^ V and put the coupling constant in the covariant 
derivative D = d — igA. The other choice is to define the covariant derivative 

2 Turning on a background field such as the B-field will of course also break the global 
symmetry. For the discussion here we are treating the background fields as covariant dynamical 



X^(a) = a*. 



(34) 



X»(x,y) = y» + V i (x,y), b^ = e m V . 



(35) 



fields. 
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D = d — iA without using the coupling constant and instead put 1/g 2 in front of 
the kinetic term of the gauge field. Similarly, there are different conventions for 
coupling constant in the case of the BL theory, too. In the above, we put the 
coupling constant g in the definition of the metric f)26|) . This corresponds to the 
second convention we mentioned above. We can move the coupling dependence 
from the overall factor to the interaction terms by re-scaling the fields 

X^cX 1 , tf^ctf, b^^cb^, (36) 

with c = g. In general, as ordinary Yang-Mills theories, we cannot remove the 
coupling constant completely from the action. 

If the internal space TV is R 3 , however, we have an extra degree of freedom 
for re-scaling, and it is in fact possible to the coupling constant from the action. 
Let us consider the following re-scaling of variabvles. 

X'^c^X 1 , *^c' 3 *, 6 MA ^c'V, y*-dV. (37) 

This variable change is associated with an outer automorphism of the algebra, 
and does not change the relative coefficients in the action. The only change 
in the action is the overall factor. We can thus absorb the coupling constant 
by (|37p . and this implies that the six-dimensional theory does not have any 
coupling constant. 

We can adopt an elegant convention in which no coupling constant appears. 
However, we adopt a different convention below. Because we interpret the six- 
dimensional theory as a theory of an M5-brane, we would like to regard the 
scalar field X 1 as the coordinates of the target space with mass dimension —1. 
We also give the meaning to the variables y^ as the world- volume coordinates, 
which also have mass dimension —1. We choose the parametrization in the y^ 
space so that the linear part of the six-dimensional action is invariant under 
Lorentz transformations in the {x^,y^) space. After fixing the scale of X 1 
and y^ in this way, we can no longer use the two re-scalings (|36j) and (137p to 
change the coupling constant and overall coefficient of the action. These two 
parameters have physical meaning now. 

In the following, in order to express the coupling constant dependence of 
each term in the action clearly, we separate the coupling constant g from the 
structure constant. We also introduce an overall coefficient Tq, which is regarded 
as an effective tension of the M5-brane. This plays an important role in the 
parameter matching in $71 but we will omit this factor in fJH and $6] for 
simplicity because it is irrelevant to the analysis in these sections. 

4 Gauge symmetry of M5 from Lie 3-algebra 

Gauge transformaion The gauge transformations of the scalar fields X 1 
and fermion fields are given by 

5 A X 7 (x,y) = gA ab (x)f abc d X I c (x) X d (y) 

= 9Kb{x){x\ x\ X 1 } = gid^dpX^x, y), 
5 A V(x, y) = gA ab (x){ X a , x\ = g(5 A y")d^(x, y), (38) 
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where we used 

f abc d = <{x°, x\ X°}, Xd) , E X a (y)Xa(y') = 5 (3) (y - y') . (39) 

a 

5aV^ is defined as 

S A y x = e x ^d (l A i/ (x,y), (40) 
A A (x, y) = d'^x, y, y')\ y , =y , ~A{x, y, y') := A ab (x) X a (y) X b (y'). (41) 

We note that although the parameter of a gauge transformation may be ex- 
pressed as a bi-local function A(x,y,y'), the gauge transformation induced by 
it depends only on its component Ah(x,y) which is local in J\f . It comes from 
the fact that the gauge transformation by A ab is always defined through the 
combination f abc d A a t, . 

The same argument can be applied to the gauge field An(x,y,y'). As we 
already mentioned, since it appears only through the combination -A^afi/" 6 ^, 
the local field b x (x,y) defined as (f3Tj) shows up in the action. 

The transformation (|38p may be regarded as the infinitesimal reprametriza- 
tion 

y' X = y X -g8y X . (42) 

Since d^dy^ = 0, it represents the volume-preserving diffeomorphism. Since 
the symmetry is local on A4, the gauge parameter is an arbitrary function of 
x. So what we have obtained is a gauge theory on M. whose gauge group is 
the volume-preserving diffeomorphism of M . In this sense, the world-volume 
of M5 brane may be regarded as the vector bundle M — > A4 but the gauge 
transformation on each fiber is not merely the linear transformation but the 
diffeomorphism on the fiber which preserves the volume form 

u> = dy 1 A dy 2 A dy 3 . (43) 

As we mentioned in the previous section, among eight scalar fields X 1 , 
the last five components X' 1 are treated as scalar fields representing the trans- 
verse fluctuations of the M5-brane. The other three X^ (longitudinal field) are 
rewritten as as 

X^y) = ^ + ^ k \ x (y). (44) 

We chose the coefficients so that we obtain Lorentz invariant kinetic terms in 
the six-dimensional action. The gauge transformation of b^p can be derived 
from dSSJ) and (gl]) as 

5 A b kX (y) = d k A x - d x A k + g(S A yP)d^b. k (y). (45) 

The gauge transformation of the gauge field A\(x, y, y') is given by 5\A\(x, y, y') = 
D\A(x, y, y'). The covariant derivative of a bi-local field is defined by tensoring 
the covariant derivative (132j) for a local field, and we obtain 

D x A(y, y') = d\A(y, y') - gef^^b^d^y, y') + ^6 Ai >(y')^A(y, y')}. (46) 
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From this we can extract the transformation law of the component field b\„ 

5\b\a = d'^AAxiy, y')\y'= y = d x A & - gd^A ~ gSgpbx*, (47) 
where 5 gc bxa is the coordinate transformation in y-space 

$gcb\a = -S\y T dfb X a - {d&SAy T )b X f, (48) 

and £a is denned by 

Ca = e^^bxvAp + bx^Ap). (49) 

In addition to these gauge transformations derived from (|14p and (|17p , there 
is an additional gauge transformation which acts only on the field bxp- As we 
can see in (|32|) . bxp appears in the covariant derivative in the form of the rotation 
in the y^ space. This means that DpQ is invariant under 

Sbxp = -dp A x . (50) 

We can easily check that the Chern-Simons term is also invariant under this 
transformation, and thus (j50[) is also a gauge symmetry of the theory. 

Now we summarize the gauge transformation of the six-dimensional theory. 

5 A X l = giSx^dfiX*, (51) 

= g(5A3f)dfi% (52) 

5 A b kX = d k A k -d x A k + g(5 A yndpb kk , (53) 

$kb\a = d x A & - d & A x - gS sc b X a- (54) 

We absorbed £a hi (|47p into the definition of the parameter A>. In the weak 
coupling limit g — > 0, we obtain the standard gauge tramnsformation on an 
M5-brane. 



Covariant derivatives in 6 dim An intriguing feature of our six dimensional 
model is that one may define the covariant derivative in the fiber direction. 

By using the fundamental identity, it is easy to show that if <3?i, $2, and $3 
are covariant fields (such as X 1 or not only Dp<&\ but {$1, $2, $3} are also 
covariant because of the fundamental identity, 

$2, $3} = {<Ja*i, $2, $3} + {$1, <*a$2, $3} + {$1, $2, <5a$3} • (55) 

It implies that the following combination defines the "covariant" derivative 
along the fiber direction, 

Vp® = 9 ^ep p{X^XP^} 

= dp$ + g(d x b k dp$-dpb x d x $) + ^epOp{b°,lf,<l>}. (56) 

Together with (|32p . which we repeat here again, 

Vp$ = Dp^ = dp^>-g{bp,,y ^}, (57) 

we have a set of covariant derivatives on M5 world-volume. 

These covariant derivatives possess the following important properties. 
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• Leibniz rule: 

2? £ {*i, $ 2 , $ 3 } = {2^1, $2, $3} + {$1,^2, $3} + {$1, $2,2^3}. 

(58) 

• Integration by parts: 

J dPxcPyQiVpQi = -J d 3 xd 3 y(P^!)$ 2 . (59) 

Here (// = 0, 1, • • • , 5) represents and P^. 

Field strength As special cases of these covariant derivatives, we define the 
following field strengths of the tensor field. 

'Hxfiu = e (i - x V x X x 

= H Xfli/ -ge &f P{d & b Xf )dpb^ (60) 

n m = 9 ->{x\x\xi}-± = ±{v-i) 

= H^ + 9 -{d^dob' -d^dob^+g 2 ^ 1 ,^^}, (61) 
where V is the "induced volume" 

V = g 3 {X\X 2 ,X 3 }, (62) 
and H is the linear part of the field strength 

Hxfiu = dxb^-dffixu + dybx^ (63) 
^ = d^ + d^ + d^.. (64) 

H are covariantly transformed under the gauge transformation. 

Just like the case of ordinary gauge theories, the field strength H arises in 
the commutator of the covariant derivatives defined above: 

[V^Vi,]* = g 2 e i , fl& {H m ,X & ,<!>}, (65) 
[V X ,V X ]$ = g 2 {H Xi , x ,X ,<f>}, (66) 

[V^V V \<S> = -^e^xD P H pXk T>kS, (67) 
where the dual field strength H is defined by 

n xpk = -e^^n^u, n^p = -e^p^n^p. (68) 
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5 M5 action and equation of motion 



We rewrite the various parts of the Bagger-Lambert action in terms of the six 
dimensional fields and their covariant derivatives, 



Sx + s po t = / d\ (- l -(v^f - \{v x x l f - Inii* - -^n% p 

._L _ 9 l {X ^X\Xiy - ^{X\X\X k }^ , (69) 

s* + s- mt = J d 3 x l^v^v^ + l*r*r m Vfi* 



-|-*r Ai {^,x 1 ,*} + -^n>r i:j {x\x3,v}J . (70) 

The scalar kinetic term is manifestly Lorentz symmetric up to the different 
structure inside the covariant derivatives and T>^. The Chern-Simons term 
cannot be rewritten in manifestly gauge-covariant form. 

Scs = Jd 3 xe^ x (-^%b^d„b xk 

+^%b uu eP &T d & b X p(d x b^ T - dfb^ 



d 3 x I e 



^ x (-\db^ A 8 u b x - |(*%) A (*db u ) A (*db x )\ ■ (71) 

In the second expression we treat b^ as a one- form field b^ = b^^dy^ in the 
y-space. However, the equation of motion which is derived from these actions 
turns out to be manifestly gauge-covariant. 



Comments on fermion action In the fermion kinetic terms in (I70p . only 
the SO(l, 2) x SO (3) subgroup of the Lorentz symmetry is manifest due to the 
existence of T ^3 in one of two terms. We can remove this unwanted factor from 
the kinetic term by the unitary transformation 

\j> = y'U, * = UV, (72) 

where U is the matrix 

U = exp (-^^3) = -J=(l - T m ). (73) 

The SUSY parameter e is also transformed in the same way. Note that both 
and ^ are transformed by U. This is consistent with the Dirac conjugation. 
As the result of the unitary transformation, the fermion terms in the action 
become 

S* + S int = J d 3 x (^&T»T> I & + ^TPVpV 

+^ , T (li {X^X\^} - ^'Ti^iX^Xi, V}\ .(74) 
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After the unitary transformation, the condirion (|15p becomes the chirality con- 
dition in six dimension, 

r 7 e' = e, T 7 ^' = (75) 
where the chiality matrix T 7 is defined by 

This means that the supersymmetry realized in this theory is the chiral J\f = 
(2, 0) supersymmetry, which is the same as the supersymmetry on an M5-brane. 

Equations of motion It is easy to obtain the equations of motion for the 
scalar fields and fermion field as 

= Vf,X i + V^ l X i 

+g 4 {Xf 1 ,X^{X^,X^X i }} + ?-{Xi,X k ,{Xi,X k ,X i }} 

+ !|!{W'r /ii ,x^*'} + ^{¥ / r ii r i 23,x^>'}, (77) 

a 2 

= T^V^i + TPVp¥ + g 2 T fli {X^X l ,¥}-^-T ij T i2 . i {X\X^¥}(78) 

The equations of motion of gauge fields and b^, and the bianchi identity 
are combined into the self-dual form: 

V X H X ^ + V(H X ^ = gJ^, (79) 

V X H X ^ + Vtffo* = gJ^, (80) 

v x ii x ^ + v k n x ^ u = o. (8i) 

The first two are equations of motion obtained from the action, while the last 
one is a Bianchi identity derived from the commutation relation (|67p . The 
currents on the right hand sides are given by 

JP & = g({X\V,X\XP}-{p^d))- 9 -^e^{X\X^{X\X^X»}} 

+|({*T-,A^,M/'} - &)) + |e^{*'r Ai ,X 1 ,*'}, (82) 

= giX^V^X^X^ + ^ty'rv^^X*}. (83) 

The self-dual tensor field TC, chiral fermion field and the five scalar fields 
X 1 form a tensor multiplet of N = (2, 0) supersymmetry |13j . which is the same 
as the field contents on an M5-brane. 



6 Supersymmetry 

In this section we rewrite the supersymmetry transformations (|18p -(i2"0j) in terms 
of the six-dimensional covariant derivatives and field strength. The transfor- 
mation law ([20]) of the gauge field with coupling constant inderted is 

= iger^TjX^af^a. (84) 
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We cannot determine uniquely the transformation law of the component field 
b^i, from this equation because of the existence of the gauge transformation 
(|5U|) . which acts only on bun- In fact, the transformation (|84|) only gives 

5 (e^%b Xil d p f(y)) = igeTxr^X 1 , % f(y)}, (85) 
where f(y) is an arbitrary function of y^. One possible choice for Sb^n is 

Sb^ = igieTjT^d^X 1 . (86) 

We can easily check that this transformation law reproduces (|85p . 

In some situations an explicit appearance of b^^ is not necessary, but all we 
need is B/ = e^d^b^, which satisfies the constraint d^B/ = 0. The SUSY 
transformation for B^ is uniquely determined from (|85p as 

SB/ = igeTpFje^d^d^, (87) 
and it is obvious that the constraint is SUSY invariant, i.e. 

5(8^/) = 0. (88) 
The transformation laws rewritten in terms of the six-dimensional notation 

are 

6X i = ie'T i y', (89) 
6V = D fl XT /1 r i e' + P / ilT'T ! 6' 

2 2 

-^-{X^,X\X j }T^T ij e' + ^-{X\X j ,X k }T ijk T m e\ (90) 

= -i(e'T^'), (91) 
Sb^ = -iVie'T^T^ + igieT^TiT^^doX'. (92) 

A peculiar property of this SUSY transformation is that the perturbative 
vacuum (the configuration with all fields vanishing) is not invariant under this 
transformation due to the term in 5$>' proportional to 1/g. We can naturally 
interpret this term as a contribution of the background C-field. In the M5- 
brane action coupled to background fields, the self-dual field strength is defined 
by H = db + C (up to coefficients depending on conventions). The inclusion 
of C-field in the field strength is required by the invariance of the action under 
C-field gauge transformations. The shift of the field strength TC^s by (VsO 
in the action as well as in the SUSY transformation suggests that the relation 
C oc g~ 1 between the Nambu-Poisson structure and the C-field background. 
This statement of course depends on the normalization of the gauge field C. 
For more detail about this relation, see ^3 where we derive the precise form of 
this relation including the numerical coefficients. 

In fact, M5-brane in a constant C-field background is still 1/2 BPS. The 
effect of the C-field is changing which half of 32 supersymmetry remain unbro- 
ken. We can find this phenomenon in our six-dimensional theory. In addition to 
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16 supersymmetries we described above, the theory has 16 non-linear fermionic 
symmetries 5^ nl \ which shift the fermion by a constant spinor 

§ (nl)^> = X; 6 (nl) x i = § (nl) bfi . = gWf,^ = Q. (93) 

The action is invariant under this transformation because constant functions 
in space are in the center of the 3-algebra. The perturbative vacuum is 
invariant under the combination of two fermionic symmetries 

S e/ --6^ l) . (94) 
9 

In the weak coupling limit g — > 0, the transformation laws for this combined 
symmetry agree with those of an N = (2, 0) tensor multiplet 



5X l = ie'r^', (95) 

1 

12" 

5b ^ = -i@T m V). (97) 



8V = d^xrare' - —h^t^, (96) 



We obtained the transformation (|97p only for [iv_ = /iz> and [iv. To obtain the 
transformation law of the b^ u components, we first compute the transformation 
of TL^op and H^op by using the transformation law of b^ and b^. Because 
the field strength is self-dual, it also gives 5TC^ up and 5TL pup . The equations of 
motion (|79p and (|80p are the Bianchi identities as well for these components 
of field strength. If we can solve these Bianchi identities on shell and express 
them by using bp Ul we can extract the transformation law of b^ v from 5TLp Up 
and 5TLp Vp . In the free field limit g = 0, we can easily carry out this procedure 
and obtain ([97]) for bp V . 



7 Derivation of D4 action from M5 

In this section we demonstrate that the double dimensional reduction of the six- 
dimensional theory correctly reproduces the action of non-commutative U(l) 
gauge theory, which is realized on a D4-brane in a £>-field background. 

We here recover the overall factor Tq in the front of the action. This has 
mass dimension 6 and can be regarded as the tension of the five-brane, while 
the coupling constant g is a dimensionless parameter. We should note that 
this tension Tq is not necessarily the same as the usual M5-brane tension Tm5, 
because it may be corrected by the background C-field. We will later determine 
the parameters g and Tq by comparing the five dimensional action obtained by 
the douple dimensional reduction of the six-dimensional theory to the non- 
commutative U(l) action realized on a D4-brane in a -B-field background in 
type IIA theory. Once we obtain the expression for g and Tq in terms of type 
HA parameters, it will be easy to rewrite them in terms of the M-theory Planck 
scale and the magnitude of the C-field. 

The double dimensional reduction means that we wrap one leg of the M5- 
brane on a compactified dimension, so that through Kaluza-Klein reduction we 
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get one fewer dimension for both the target space and the world-volume. Let 
us choose the compactified dimension to be X 3 . In the double dimensional 
reduction, we suppress y 3 -dependence of all fields except X 3 . We have 

X 3 = -y 3 , b 3 = 0. (98) 
9 

We used a gauge symmetry generated by Aj and A2 to set b 3 = 0. We impose 
the periodicity condition 

X 3 ~X 3 + L n . (99) 

The relation (|98p and (|99p implies that the compactification period of the co- 
ordinate y 3 is gLu, and thus, the overall factor of the five dimensional theory 
becomes gLuT^. 

Let us now first carry out the dimensional reduction for the bosonic terms 
in the action. Since all the fields except X 3 have no dependence on y 3 , we set 
<9g = unless it acts on X 3 . We will use the notation that indices a, $, ■ ■ ■ take 
values in {1,2}, and a, b, ■ ■ ■ take values in {0, 1,2, 1, 2}. The antisymmetrized 
tensor e a @ is defined as e a @ = e a @ 3 . 

Expecting that we will obtain a gauge field theory on a D4-brane, let us 
define the gauge potentials 

H = h ^ a « = 643. (100) 
The covariant derivatives become 

^r = -e%, D^X 3 = -a^, D^X^D^X', (101) 

where F ab , 5^, and D a are defined by 

F a b = d a a b - d b a a + g{a a , a b }, (102) 

a M = (103) 

Dp* = d^ + gia^,®}. (104) 

The Poisson bracket {•,•} is defined as the reduction of the Nambu-Poisson 
bracket 

{/,<?} = {</*,/,<?}■ (105) 
We note that the components bp only show up through the form in D4 
action. Thus we find that, after double dimensional reduction, the scalar kinetic 
term in the BLG Lagrangian become 

~ T ij d^D^f) = J d 3 xd*y (aj + F% + (D,X^) . (106) 

The Nambu-Poisson brackets which appear in the potential terms of the 
BLG action are 

{X\X\X 3 } = \Pu + \, (107) 
9 9 6 

{x 3 ,x & ,xH = ^^b k x\ (108) 
9 1 

{X 3 ,X\X j } = -{X\X j }. (109) 
9 



15 



The potential term becomes 



-- gL u T e J d 3 xd 2 y 



(110) 



Upon integration over the base space and removing total derivatives, we can 
replace (# l2 + 1/g) 2 by i% + l/g 2 . 

It is also straightforward to show that the Chern-Simons term (|7ip gets 
simplified considerably as 

gLuTa f 3 2 



| d 3 xd 2 ye^ x F^d x . (Ill) 



Here again the action depends on 6 a only through a M . As the action depends 
on the field a M only algebraically (namely without derivative), we can integrate 
it out. There are only two terms involving d^ and by completing square, we 
find that the effect of integrating out d^ is to replace all terms involving d^ by 



gLuT 6 



d 3 xd 2 yF 2 (112) 



The fermion part can be evaluated similarly. The covariant derivatives and 
bracket are 

r^*' = r"(0 M tf' + g {a M! #'}) := VDJH' , (113) 

l^iAx 1 , x J , *'} = v & v m b^' + [x\ *'} , (iw) 

b $ V :=d^' + g{a $ ,V}. (115) 

It is quite remarkable that, after collecting all the kinetic, potential and 
Chern-Simons temrs, the 4+1 dimensional Lorentz invariance is restored (up to 
the breaking by the non-commutativity) . The sum of all these terms is simply 



gL n T 6 J d 3 xd 2 y 



^D a Xr-\F 2 b -l{X\Xi} 2 -^ 
+- (q>"r a D a y" + g^>"Ti{X\ V] 



(116) 



We performed the unitary transformation = (l/\Z2)(r 3 + T 7 )^" to obtain 
the correct chirality condition T^" = — vp" for the gaugino on the D4-brane. 
(Nore that 3 is now the "eleventh" direction and T 3 is the chirality matrix in 
HA theory.) 

Let us compare the action ()116[) with the known result p~5| [16] for a D4-brane 
in a i?-field background, and match the parameters in this theory and those in 
type IIA string theory. The non-commutative gauge theory on D4-brane in a B- 
field background is described with the Moyal product *, and the corresponding 
commutator, the so-called Moyal bracket [-, -]Moyal> defined by 

f(x)*g(x) = e~ 2 *'*C'/(s + Os(z + Ole=C=o, 
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[/, sWal = f*g-g*f = e^difd j9 + 0(8 3 ). (118) 

The non-commutativity parameter 6^ has the dimension of (length) 2 . Because 
the action (11160 includes only finite powers of derivatives, it should be compared 
to the weak coupling limit 6 — > of the non-commutative gauge theory. These 
two match if we truncate the Moyal bracket into the Poisson bracket by 

Q 

[/,5]Moyal -» — {/,#}, (H9) 

J-StT 

where we turn on the non-commutativity in the 1-2 directions by setting 



Jl2 ^ _ 

^str 



^« = ^ = o. (120) 

2si 



Note that 9 is defined as a dimensionless parameter. In the small 6 limit, the 
bosonic part of the action of the non-commutative U(l) gauge theory on a 
D4-brane is given by 1 1 5 1. ITS] 



ri2i 



in the open string frame. The world-volume coordinate y a in the open string 
frame is related to the target space coordinates X a by 

X & = - e y«. (122) 

The covariant derivative and the field strength are 

D a X i = d^X 1 + — {Aa, X'}, F ab = d a A b - d b A a + ^-{A a , A b }. (123) 

J- str -L str 

We normalize the gauge field A a so that it couples to the string endpoints by 
charge 1 through the boundary coupling S = J dF1 A of the fundamental string 
world-sheet, and this gauge field has mass dimension 1. In the weak coupling 
limit, the non-commutativity parameter 6 is related to the background -B-field 
by 

B = T^OdX 1 A dX* = A dy 1 . (124) 

a 

By comparing two actions f|116|) and (|12ip , we obtain the following relations 
among parameters: 

n = % (125) 

9 = 0. (126) 

To relate quantities in IIAand M-theory, we use the following relations among 
tensions of M-branes and IIA-branes. 

Td4 = Li\Tm5, T stl = Lx\Td2 = LuTm2- (127) 
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The relation T\ 12 = 2ttTm5 is also useful. 

In addition to the agreement of the action through the relations (|125p and 
(|126|) . we can check the consistency in some places. 

Firstly, the relation (|122p between the world-volume coordinates and the 
target space coordinates can naturally be lifted to the relation (|44|) . 

Secondly, the overall factor Tq agrees with the effective tension of M2-branes 
induced by the background C-field. The background 5-field (1124p is lifted to 
the background three-form field 

C 3 = 6T M 2dX i A dX 2 A dX* = ^dy 1 A dy 2 A dy 3 . (128) 

(We use the convention in which the gauge fields B and C couple to the world- 
volume of corresponding branes by charge 1 through the couplings J F1 B and 
Jm2 Each flux quantum of this background field induces the charge of a 
single M2-brane on the M5-brane, and effective M2-brane density in the y-space 
is 6>~ 2 Tm2/(2tt). Thus, if we assume that the tension of M5-brane is dominated 
by the induced M2-branes, the effective tension becomes Tm2 x ^ _2 2m2/(2vt) = 
9~ 2 Tm5- This agrees with the overall coefficients Tq given in the relation (|125p . 

Finally, the charge of the self-dual strings is consistent with the Dirac's 
quantization condition. From the comparison of the actions we obtain the 
relation of gauge fields 

a a = ^A a . (129) 
J-stx 

As we mentioned above, the gauge field A couples to string endpoints by charge 
1. By the correspondence (|129p we can determine the strength of the coupling of 
d and b to boundaries of the corresponding branes. The boundary interactions 
are given by 

Tm2 



S = T str a = / b. (130) 

JdFl V JdM2 

To obtain the second equality in (I130p , we used the fact that a string endpoint 
is lifted to an M2-brane boundary wrapped on the S 1 along y 3 with period 
gL\\. The coupling (I130p shows that the charge of self-dual strings (boundary 
of M2-branes ending on the M5-brane) is Q = B~ l Tyi2- Because the gauge field 
6 is a self-dual field, Q is the electric charge as well as the magnetic charge of 
a self-dual string, and it must satisfy the Dirac's quantization condition 

%- = 2vr. (131) 

We can easily check that this relation certainly holds. 

We can now explain the constant shift in the field strength as follows. The 
M2-brane action includes the following coupling to the bulk 3-form field C and 
the self-dual 2-form field b: 

S M 2 = I C 3 + ^ / b. (132) 

JM2 t) JdM2 

The gauge invariance of this action requires that under the gauge transfor- 
mation 5C3 = da2, the self-dual field on the M5-brane must transform as 
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<5&2 = —0:2/(0 1 Tm2)- Thus, the gauge invariant field strength H of the tensor 
field b should be defined by 

H = db + J—C. (133) 

Therefore, the background gauge field (|128p shifts the field strength as 

H = db + \dy l A dy 1 A dy^ . (134) 
6 

This is the same as the constant shift in the definition (|6ip of 'H^y 

Now we have relations between parameters in the BLG theory and those in 
M-theory. The D4-brane action obtained by the double dimensional reduction 
is the weak coupling (g = 6 — > 0) limit of non-commutative U(l) theory because 
the Moyal bracket is replaced by the Poisson bracket. The coupling constant is 
determined by the background C-field, and the weak coupling means strong C- 
field background through the relation (|128j) . Our M5-brane theory is expected 
to apply better to the limit of large C-field background. This is also confirmed in 
the comparison of the five-brane tension. As we mentioned above, the effective 
tension Tq is dominated by the tension of M2-branes induced by the background 
C-field. This is the case when the background C-field is very large. 

For a finite C-field background, we expect that the Nambu-Poisson bracket 
should be replaced by a quantum Nambu bracket. 

8 Seiberg-Witten map 

It was found by Seiberg and Witten [16] that the gauge symmetry on a non- 
commmutative space can be matched with the gauge symmetry on a classical 
space via the so-called Seiberg-Witten map 

8 X $(<S>) = 4>($ + <5 A $) -$($), (135) 

where $($) is the field variable, and 5^ the gauge transformation in the non- 
commutative gauge theory corresponding to $ and S\ living on the classical 
space. The gauge transformation parameter A(^4, A) in the noncommutative 
gauge theory is a function of the gauge potential A and gauge transformation 
parameter A in the gauge theory on classical spacetime. The Seiberg-Witten 
map is found as an infinite expansion of the noncommutativity parameters. 

In this section we find the Seiberg-Witten map connecting the gauge theories 
on spacetimes with and without the Nambu-Poisson structure, corresponding 
to M5-brane theories in trivial or constant C-field background. In this section 
only, we denote all variables in our M5-brane theory by symbols with hats, and 
those in trivial backgrounds by symbols without hats. As g — > 0, the variables 
with hats should reduce to those without hats. 

In the trivial background, we have the gauge fields b^p, b^ and gauge 
transformations 

<U b^ = d^ko - di,Aft, diJ}^ = df.Af, - <9 A A M . (136) 
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In the M5-brane theory with a C-field background, we have 

Sifiiio = dftAv-dtAit + gk^dfai,, (137) 
djj)^ = dpAfr - + gpfdj)^ + g{d il k v )b^. (138) 

It will be convenient to use the following variables 

& = B / = e^ x d b^. (139) 

instead of bhv and Similarly we define b^ and in the same way. We 
shall impose the constraints 

9 A S/ = 0, and d (l B/ = (140) 

on B^ and B^ so that the existence of b^ and b^ is guaranteed when the 
former are given. The gauge transformations of the new variables are 

<5 A ftA = k » + 5 #>d.SA ^5/ = fyA* + gk°d^B/ - g[d^)B^ , (141) 
where 

kF" = e^ k d A k (142) 
was denoted by 5\y^ above, and it satisfies 

dukh = 0. (143) 

Analogous to all these equations above, we have the corresponding equations 
for variables on a M5-brane in the trivial background. They can be obtained 
by taking the g — > limit as 

5 A 6^ = /c A , 5 A B/ = d^, ^ = e^ k dvA k . (144) 

We need two Seiberg-Witten maps b^(b) and B^(B,b) satisfying 

8 k P(b) = P(b + 5 A b)-&(b), (145) 
5 k B/{B,b) = B^(B + 8 A B,b + 5 A b)-B/(B,b). (146) 

The solutions would be infinite expansions in g. To the first order terms in g, 
we find the solution as 

£*(&) = b^ + h^d^ + h^d^ + 0{g 2 ), (147) 

b/(b, b) = b/ + gtfdvB/ - hrd^ + 9 -b^d^dub° + gd^B/ 

-gWB* - 9 -d b°d^ + 9 -d^d^b° + 0(g 2 ), (148) 
k*(k,6) = ^ + ^^^^ + - 1(^6^)^ + 0(^ 2 ). (149) 

Some of the coefficients here are not completely fixed by the Seiberg-Witten 
map conditions (|145H146]) , but they are uniquely determined by the requirement 
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that the constraint (|140p is preserved by the Seiberg-Witten map. It should be 
possible to solve for higher order terms order by order. 

To be complete, let us consider X 1 and ^f, or anything that transforms like 

d$ = gKpdfiQ. (150) 

The classical counterpart of has 

5$ = 0. (151) 

The Seiberg-Witten map condition (I135p is easy to solve for this case to obtain 
the first order terms, and the solution is 

$ = ^+gb^d^ + 0(g 2 ). (152) 

A comment is needed here regarding the map between and which 
are defined in terms of the gauge transformation parameters A^ and Aa. If 
one wants to determine the map between A^ and A A , it is necessary to fix 
the ambiguity in the gauge parameters for a given gauge transformation. It is 
obvious that the transformation of the gauge parameters 

A A - A A + a A |, A M - A^ + 8^, (153) 
A A - A A + 8^, A^A» + (154) 

does not change the gauge transformations (113611138]) at all. To avoid this am- 
biguity in the gauge transformation parameters, we can use £ M and instead, 
and the existence of A A and A A are guaranteed by the constraints (|143p . One 
can check that the constraint (|143p is preserved by the Seiberg-Witten map 

CDS}. 

The ambiguity involved here is in the same form as a gauge transformation 
of 1-form gauge fields, and hence we can "gauge fix" the gauge transformation 
parameters by the following constraints 

8^ = 0, = 0. (155) 

(Here we are raising and lowering indices using the metric 5^ on N .) We can 
solve these constraints by 

& = e^%f) x , A^ = e^ X d m , (156) 

and again we can demand the constraints 

ditf = 0, drf = (157) 

on the parameters ff 1 and tj^, in terms of which we have 

^ = -tiPrf, = -d 2 rf, (158) 

where d 2 = d^d^ is the Laplace operator on M. This allows us to deduce the 
Seiberg-Witten map between f)^ and r]^, and finally the Seiberg-Witten map for 
the gauge transformation parameters can be expressed in the following nonlocal 
form 

AA = A A _ ^x d -2 d . [b p d . Kx + {d . b P )Kx _ + . . . . (159) 
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9 Interpretations of the M5-brane theory 



9.1 As a field theory of the Nambu-Poisson structure 

The gauge symmetry of the M5 world- volume theory is the volume-preserving 
diffeomorphism on M. The transformation law for both X 1 and are given in 
the same form 

5 A $ = g5 A y%^, (160) 
where the volume-preserving coordinate transformation 

SaV* = e^di,A x (161) 

is parametrized by three arbitrary functions A^. 

In the above we have considered and as the gauge fields for the 
volume-preserving diffeomorphisms. Here we give a geometrical interpretation 
to these quantities in terms of deformations of the Nambu-Poisson structure. 

The degrees of freedom corresponding to b^, or equivalently V", is easy to 
understand. It arises in X^ (|44|) . and is a longitudinal coordinate on the 
M5 brane. Thus W" corresponds to a coordinate transformation on jV, which is 
not necessarily volume-preserving because d^W may be nonzero. In fact, one 
can view b^ as a parametrization of the deformations of the Nambu-Poisson 
structure due to a change of the coordinates 

y A _ gX» = y» + gti>. (162) 

That is, 

{f,g,h} = e^%fd,gd x h -> g^^-f^-gJLrh. (163) 

While W is used to parametrize deformations of the Nambu-Poisson structure, 
infinitesimal coordinate transformations 

8V 1 = 5yV + gSytdtlf <V\ (164) 

which preserve the Nambu-Poisson bracket, should be regarded as gauge trans- 
formations 

The other gauge potential b^ appears in the covariant derivative ([57]) 

Djj, = — gB/dfr (165) 

where 

B/ = e^dob^. (166) 

Formally, the expression of the suggests that B^ is the gauge potential 
and is the gauge symmetry generator, which also appears in (|160p . Indeed, 
instead of defining B^ in terms of buii, one can view B^ as the fundamental 
gauge potential, and guarantee the existence of b^ through the constraint 

V = °- ( 167 ) 
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The gauge field B^ is reminiscent of the gauge field parametrizing com- 
plex structure deformations on a Calabi-Yau 3-manifold in the Kodaira-Spencer 
theory [9]. 

Consider a generic 6 dimensional space equipped with a Nambu-Poisson 
structure. The decomposability of the Nambu-Poisson bracket implies that 
locally we can always choose 3 coordinates y^ such that the Nambu-Poisson 
bracket is just the Jacobian factor (|23p . Thus the Nambu-Poisson structure in- 
duces the separation of local coordinates into the two sets {x^} and {y^}. This 
is analogous to the situation of a complex manifold, for which there are holo- 
morphic z % and anti-holomorphic z 1 coordinates. A deformation of the complex 
structure can be described by specifying how the notion of holomorphicity is 
changed. A function on the complex manifold is holomorphic if 

Bf = -> 8-J = 0. (168) 

When the complex structure is deformed, the anti-holomorphic exterior deriva- 
tive is changed 

8 B A = dz l D h (169) 

where 

1% = % + ^%. (170) 

The gauge potential Af parametrizes how much mixing occurs between the 
holomorphic and anti-holomorphic coordinates due to the deformation of com- 
plex structure. In our M5-brane theory, B^ plays a similar role as Af, and the 
covariant derivative can be viewed as a deformation of the derivative with 
respect to x^. It should be understood as a specification of how much the coor- 
dinates x^ and y^ are mixed by a deformation of the Nambu-Poisson structure. 
While the Kodaira-Spencer theory [9] is a dynamical theory of the complex 
structure, the M5-brane theory can be understood as a dynamical theory of the 
Nambu-Poisson structure. 

To be more persuasive, we can make the analogy between the Kodaira- 
Spencer theory of complex structure and the M5-brane theory of Nambu- 
Poisson structure more explicit. For a Calabi-Yau 3-fold, there is a unique 
holomorphic (3,0)-form f2 = ^£lijkdz l dz 3 dz k . This allows us to impose a con- 
straint on the gauge potential A as 

dA' = 0<* n ijk diA ljk = 0, (171) 

where 

A' = (Q ■ A), i.e. A'- ijk = n ijk Ai. (172) 

The (3, 0)-form 0, is analogous to the Nambu-Poisson tensor field, which is 
taken to be ge^ v ^ by suitably choosing the coordinates y^. If we carry out the 
substitution 

A^B, fiyk-se,^, z l ^y», (173) 

the constraint fllTlf) is precisely the constraint (I167p which guarantees the ex- 
istence of bun- 
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Furthermore, the Kodaira-Spencer equation [T7], which is equivalent to the 
nilpotency condition of the deformed anti-holomorphic exterior derivative (|169p . 
is 

B A d A = 0, & [Dj,D-]=0. (174) 
If we turn off all other fields X 1 , and b^, the equation of motion for B^ 

is 

[D^D V ] =0. (175) 

This is exactly what one obtains from (|174p via the replacement (|173p . 

To summarize, while and b^ are viewed as the gauge potentials for 
the gauge symmetry of coordinate transformations preserving a given Nambu- 
Poisson structure, B^ and W should be viewed as two types of deformation 
parameters of the Nambu-Poisson structure of the M5-brane world- volume. We 
have W specifying the change of the Nambu-Poisson structure due to a change 
of coordinates 5y^ in N (so that the volume form is changed), and B^ the 
change due to a mixing of the two classes of coordinates and y^. The gauge 
symmetry corresponds to redundant descriptions of deformations of the Nambu- 
Poisson structure. The M5-brane theory with a self-dual gauge field can thus 
be interpreted as a dynamical theory of the Nambu-Poisson structure. 

9.2 As an effective theory in large C-field background 

The M5-brane action obtained from the BL action with the Nambu-Poisson 
algebra should be interpreted as the M5-brane theory in a large C-field back- 
ground. In SeclU we find this interpretation to be consistent with the properties 
of the supersymmetry. Furthermore, in SecJTJ the noncommutative D4-brane 
action obtained via a double dimensional reduction from the M5 theory has 
g ~ 9. As it is well known that for a D4-brane the noncommutativity parame- 
ter 9 is given by -B -1 in the large -B-field background, we deduce that (with the 
specific normalization of C-field such that the self-dual field strength becomes 
H = db + C) 

g ~ C" 1 (176) 

in the large C-field background for our M5-brane theory. 

In [I], an analogy was made between the Nambu-Poisson structure on M5- 
brane and the Poisson structure on D-branes. For a D-brane in a constant 
-B-field background, the effective D-brane theory is best described as a noncom- 
mutative field theory. In the limit of both large and small -B-field background, 
the noncommutativity is small and the commutator can be approximated by 
a Poisson bracket, and the Poisson structure is determined by the two-form 
i?-field background. More precisely, the gauge-invariant quantity which should 
be used to specify the background is T = B + F, where F = dA is the field 
strength of a gauge field A in the D-brane world- volume theory. We can fix the 
gauge so that the background value of J- = B. Then a nontrivial configuration 
of the gauge field A corresponds to a change of and thus a change of the 
Poisson structure. 

The invariant self-dual 3-form field strength on the M5-brane is H = C + db, 
where b is the 2-form gauge potential on the M5-brane. The Nambu-Poisson 
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structure determined by a given background H = C is therefore deformed by 
turning on b, while a gauge transformations of b preserves H and thus the 
Nambu-Poisson structure. 

In the case of D-branes in _B-field background, there are several different 
ways to verify the connection between -B-field background and the noncom- 
mutativity. One way is to quantize an open string ending on a D-brane and 
check that the endpoint coordinates obey a commutation relation determined 
by the -B-field background [18]. Or one can compute open string scattering 
amplitudes [19]. Another way [16] is to find the Seiberg-Witten map which 
maps the commutative field A to the noncommutative field A, and then check 
that the (commutative) D-brane field theory with £>-field background explic- 
itly turned on is approximately the same as the noncommutative field theory 
without explicit i?-field background. 

Quantization of open membranes in the large C-field background has been 
extensively studied in the literature [20|, 121] . However, quantization is by its na- 
ture associated with a Poisson structure, and thus the appearance of a Nambu- 
Poisson structure can not be manifest. On the other hand, in [22], the scatter- 
ing amplitudes of open membranes were studied in a large C-field background, 
and the result indicated that indeed the C-field background induces a Nambu- 
Poisson structure. 

As a further support of our interpretation of the Nambu-Poisson struc- 
ture as an effect of the C-field background, in the previous section we found 
the Seiberg-Witten map which matches the gauge transformation of ordinary 
M5-brane theory with the deformed gauge transformation (|5HI54j) supposedly 
corresponding to a C-field background. 

10 Further remarks 

Quantization of the coefficients of Chern-Simons term In section [3] 
we showed that if the internal space is M = R 3 the model has no coupling 
constant at all. What happens when N is a non-trivial space? In such a case 
there may not be any simple way to remove the coupling constant by re-scaling 
of fields. It is an interesting problem to clarify constraints imposed on this 
coupling constant. For the case when the 3-algebra is taken to be A$, Bagger 
and Lambert [2] have shown that the eigenvalues of the structure constant 
jabcd ^ e abcd mns ^ q Uan tized as A = ir/k for k = 1, 2, 3 • • -. It implies that in 
BLG model there are no tunable continuous parameters in the theory. In this 
paper, we have used Lie 3-algebras which has an infinite number of generators. 
One may wonder if we might have a similar constraint for the structure constant, 
especially if the internal space J\f is a compact space. For M = T 3 , for example, 
the generators are labeled by n £ Z 3 and the structure constant becomes [1] 

= £ n x ■ (n 2 x n 3 )5 Hl+H2+H3+H4fi , (177) 

where V is the volume of T 3 and a is a constant. It is known that for any 
Lie 3-algebra with finite number of generators and positive invariant metric 



25 



can be reduced to the direct sum of A4 [23]. Here we have a consistent Lie 3- 
algebra with positive definite metric while the number of generators is infinite. 
A natural question is whether our algebra such as (|177|) can be understood as 
the direct (and infinite) sum of A4. If this is the case, we need to have a similar 
quantization condition for the structure constant. It will be very interesting if 
such quantization of parameter exists in the compact internal space Af. 

Global structure of internal space The classification of possible internal 
manifold N is another challenging issue. What is required in this paper is that 
(i) N is covered by patches with local coordinates y^ and (ii) on the intersection 
of different patches the local coordinates are related with each other by the 
volume-preserving diffeomorphism. T 3 is an obvious example of manifold with 
such structure. In order to understand the relation between M2 and M5, the 
mathematical classification N will be indispensable. 

Multiple/long M5-brane In our paper, we construct a single M5-brane ac- 
tion from the BLG model. One of the most challenging issue is how to construct 
the action of multiple M5-branes. For that purpose, we need to construct a set 
of generators T A x a (y), where T A (A = 1, • • • , d) are the generators of an inter- 
nal algebra and x a (y) 1S the basis of functions on N . However, as far as we try, 
it seems difficult to find 3-algebras of this form which satisfies the fundamental 
identity. 

One idea to understand the nature of this problem is to consider the multiple 
cover of M . Let us take the simplest example T 3 and take all of its radius to 

2- 7T. for simplicity. Then the basis of functions is of the form exp(ij^ 3 _j n^y^) 

where is integer. Suppose one takes the double cover in y 1 direction. Then it 
may be possible to take to be half integer. So we have two sets of generators, 
one x n f° r £ Z and the other \ n f° r ^ £ Z + 1/2. We write the former 
generators as T n and the latter as S n . It is then elementary to show that 

{T,T,T}~T, {T,T,S}~S, {T, S, S} ~ T, {S,S,S}~S. (178) 

So the 3-algebra of original T 3 is contained in the algebra of covering space as 
a subalgebra. It is not difficult to show that similar effect occurs in general. 
Namely let us denote the 3-algebra associated with 3-manifold J\f as Aj\f and 
let J\f be a covering space of M. Then A_\f becomes a subalgebra of Ajq-. Since 
Aft is not the direct product of A^ with finite Lie 3-algebra as above, A^- 
does not describe multiple M5 but it describes long M5 which wraps N several 
times. Such a connection, however, may be helpful to understand the multiple 
M5 in the future. 

Vortex string and volume-preserving diffeomorphism As we commented, 
in our construction of M5-brane action, we do not need the metric on M but 
only its volume form, or in other words, the 3-form flux C on it. Our com- 
putation further implied that it is natural to assume that there is a very large 

3- form flux C on the M5 world-volume. This set-up reminds us of the open 
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membrane in large C flux. Since we can neglect the Nambu-Goto part (which 
contains the metric), the action becomes that of the topological membrane |24| . 



/ 



C uvo dX^ A dX v A dX p . 



(179) 



When this membrane has the boundary on M5, this topological action gives 



It gives an action for the string which describes the boundary of the open mem- 
brane. When the target space has 3 dimensions and C ~ e'"'*, this action is 
identical to the kinetic term of the vortex string [25], which was found long 
ago. In the supermembrane context it was studied in [2Q| . 121 } [22] . In particular 
it was found that it can be equipped with the Poisson structure with the con- 
straint associated with the diffeomorphism which defines the volume-preserving 
diffeomorphism naturally [21], 



Here { , }r> is the Dirac bracket associated with the kinetic term and • • • in the 
first line describe the extra variation along the world-sheet which can be ab- 
sorbed by the reparametrization of the world-sheet. In Bagger-Lambert theory, 
the gauge parameter has an unusual feature that it has two index A a b. In this 
picture, this structure is naturally interpreted as a result of the fact that for 
the string we can introduce two functions f,g to define the generators on the 
world-sheet. We hope that this connection with the vortex string would give a 
new insight into the BLG model. 
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A Derivation of some equations 

In this appendix we derive some equations used in the main text. We first derive 
the commutation relation (|67|) . By using the explicit form of the covariant 
derivative in (|57p . we obtain 

[V^V v ]$ = -gF k v d k $, (184) 

where the explicit form of F* in terms of the potential is 

F% = e^d p d p b vi/ - ge^d^e^dpd^f ~ (/* <-> »)■ (185) 

Because the (non-covariant) derivative appears on the right hand side, F* v 
defined by (I184p is not covariant. We can define the covariantized F by 

[VpM* = - g r*UD i &. (186) 

These two fields are related by F k d^ = T^V^, and by substituting $ = 
into this relation and using 

gV p X° = V8% (187) 

we obtain 

VJ%, = gF^d k X k . (188) 
J- can be expressed as the covariant derivative of the field strength TC. 

VF% = g^ v V x X k = e^ uX e^V p V a X k = e puX V p H pXk . (189) 

In the first step we used the relation (|187p . Substituting this into (|186p . we 
obtain (|67p . 

Next, let us consider the equations of motion of the gauge fields b P y and 
b^i,. For a variation of b^, we have the following variations of the action. 

5S X = J (Tx^V^V^) = ± j tfx^e^V^pa) (190) 
^ P ot = yJ ^x{6bf l {X I ,X J ,{X I ,X J ,X^}}), (191) 

■ 2 ■ 2 

SSm = ^-J d 3 x(^,T p j{5b^X J ^}) = ~\ f d 3 x(5b k {*T p j,X J ,*}), 

(192) 

and the equation of motion is 

o = ^ & v^ p& + ^{x\x J ,{x\x\x^}}-^(Sb^r fl j,x J ^}) 

= ~eM & V^ P a + V p U m + g\^ T {X\ XP, V+X { } 

+^-{X\X\{X\ X\X»}} - ^{W AJ , X\ *}, (193) 
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or, equivalently, 

V^U^ + VfiiM* = gJ**, (194) 

where the current is given in the text. 

For the variation of the gauge field b x ^, we obtain 

5S X = -9 J d 3 x(^ AA {X J ,I? A X J ,/}), (195) 
SS* = -||d 3 x(^r A {56 AA ,/,^}) = -||^6 AA {^r\^,/}l96) 
SScs = -\Jd 3 x(e x ^5b Xfl Fp. (197) 
The equation of motion for 6 A a is 

\e x ^F^ + giX^VxX 1 ^} + r\ /} = 0. (198) 



This is not covariant, but we can covariantize this by multiplying gdf l X u . 

Y^e x > xv F% v + g 2 {X I ,V x X I ,X il } + ^{*r A , tf, X^} = 0. (199) 

By using (|60p and (|189p . we can rewrite this equation of motion as follows: 

VpH^ + V k U kXil = g J A/i (200) 



The Bianchi identity (|8ip is obtained by substituting = X^ to the com- 
mutation relation (|66l) . By using the definition of the field strength 7i, we can 
rewrite the left hand side as 

[V x ,V k ]X* = b{v x H m -\^°V x H xt) ^ (201) 

and the right hand side becomes 

g 2 {n Xi/X , x\ x»} = ^ k v k n Xi)X . (202) 

Combining these, we obtain the Bianchi identity 

VxH x . a - v x n X()a - v-h x&x - v a n xx . = o. (203) 

This is equivalent to (fHTj) 
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